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It is shown that if a cyclotomic m-class association scheme of order 4 contains 
no k-clique then it is possible to find an edge-coloring of K,,,,,, into m colors 
containing no monochromatic Kk + , This leads to greatly improved lower 
bounds for the Ramsey numbers r(7, 7) > 205, r(9,9) > 565, r( 10, 10) > 798, and 
r(ll,ll)a 1597. ( 1987 Academic Presr. Inc 
Self-complementary graphs have been frequently used to give lower 
bounds for the Ramsey numbers r(k, k). An important family of such 
graphs are the so-called Paley graphs which are determined by the 
quadratic residues of a finite field of prime order. Paley graphs helped to 
establish that r(3, 3) = 6, v(4,4) = 18 and lead to good lower bounds for 
r(k, k), 5 <k < 9 (see [2] or Table I). A larger class of self-complementary 
graphs with a cyclic group of automorphisms has been used to improve the 
lower bounds for ~(5, 5) from 38 to 42 [7] and for r(7,7) from 110 to 114 
[4]. A similar approach yielded the lower bounds r(10, 10) 3 458 and 
~(11, 11)3542 [6]. 
In this paper a class non-self-complementary graphs is employed to 
dramatically improve many of these lower bounds by factors from 2 to 3. 
These results are extended to m-colorings of complete graphs yielding new 
lower bounds for the Ramsey numbers rm for m = 3,4 and 5. Here r,(k) 
denotes the least positive integer such that for any n 3 r,(k) an arbitrary 
edge-coloring of the complete graph K,, into m colors contains a 
monochromatic Kk, and r(k, k) = r*(k). 
We start with the case of two colors. 
A v-vertex graph H is said to be strongly regular with parameters 
(v, k, A, p) if each vertex has valency k and each adjacent (nonadjacent) 
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pair of vertices has L (,u) common neighbours. We are interested in strongly 
regular graphs with parameters (6~ - 2A - 1, 2~~ 1”, p) which are closely 
related to the so-called two-graphs [ 111. 
CONSTRUCTION 1. Let H and H’ be two identical copies of a strongly 
regular graph with parameters (6~ - 22 - 1, 2~, 1,~). Denote by V’, v’ and 
E, E’ their corresponding vertex and edge sets, respectively, and let v, v’ be 
two additional vertices. Define a new graph G(H) with vertices W and 
edges F as follows: 
(i) W= {v, v’} u Vu V 
(ii) F={(~,~)~~EV}~{(V’,X’)~X’EV’)~E~E 
u {(x, y’) 1 XE V, y’ E v’ and (x, y) $ E}. 
G(H) is an antipodal distance-regular graph of diameter 3 [ 1 ] with the 
same abstract group of automorphisms as the corresponding two-graph 
[ 111. G(H) has the following well-known properties [ 1, 91: 
(1) To every vertex x E W there is a unique vertex x’ of distance 3 
to x. 
(2) Let Hi(x) be the subgraph induced by the vertices at distance i 
from x. Then for any x E W the graphs H,(x) = H*(x)) N H,(x’) = H,(x) 
are strongly regular with parameters (6~ - 21- 1, 2~, I”, cl). 
In particular, if G(H) has a vertex transitive group of automorphisms 
then the graphs H,(x), Hz(x), XE W are all isomorphic to the original 
graph H. Hence, the following result holds. 
THEOREM 1. If H contains no Kk and the complement of H contains no 
K, and G(H) has a transitive group of automorphisms then G(H) contains no 
K kfl and the complement of G(H) contains no K,,,. 
Prooj Let VE W be the special vertex defined in Construction 1. 
Assume that G(H) contains a clique K, and a void subgraph L, which are 
both incident with v. Since r - 1 vertices of K, belong to the first 
neighborhood graph H,(v) = H and H contains no Kk, we see that 
r < k + 1. Similarly, s - 1 vertices of L, are contained in u’ u I”. If L, is 
incident with u’ then s = 2, since v’ is adjacent to every vertex in I/‘. If V, is 
not incident with v’ then s - 1 of its vertices belong to Hz(v) = H,(v’) = H 
and since the complement of H does not contain K,, we see that s < 1+ 1. 
The conclusion follows from the assumption that any two vertices of G(H) 
are similar. 1 
We note, that the assertion of Theorem 1 remains true if G(H) is pertur- 
bed by adding to it any number of edges joining corresponding antipodal 
vertices x and x’. 
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TABLE I 
To apply Theorem 1, we consider the Paley graph Qp of prime order 
p = 4t + 1, t 3 1. It is well known that Q, is self-complementary and 
strongly regular with parameters (4t + 1, 2t, t- 1, t) and that the 
corresponding Paley two-graph admits PSL(2, p) as a 2-transitive 
automorphism group [ 111. 
COROLLARY 1. If the Paley graph Q,, contains no K, then both (2p + 2)- 
vertex graphs G(Q,) and the complement of G(Q,) contain no Kk + , . 
We note that an alternative method of obtaining G(Q,) is by means of 
Construction 2. Corollary 1 then follows from Lemma 1 and Theorem 2 
with m = 2. 
Table I summarizes the results of a computer search for maximum cli- 
ques in Paley graphs for prime orders p = 4t + 1 in the range 5 < p < 1601. 
Here cxp denotes the size of the largest clique or independent set in Qp. 
Since QTg7 contains no K,, it follows that r( 10, 10) > 798. Applying Con- 
struction 1 to Q,,,,, QZ8i, and QTY7 we obtain the lower bounds 
r(7, 7) 3 205, r(9, 9) > 565, and r( 11, 11) 2 1597, respectively. We note, that 
these last bounds are realized by a large number of nonisomorphic graphs 
(there are 2p admissible perturbations of G(Q,)). 
We now turn to the general case of m colors, m 3 2. 
Let q = mt + 1 be a prime-power and let p be a primitive element in the 
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finite field GF(q). Consider the partition of GF(q) into M + 1 so-called 
cyclotomic classes Co, Ci,..., C, defined as follows: 
C, = {0), Ci+l = {/P+j / j=O, l,..., t-l}, i=O, l,..., m- 1. 
A cyclotomic association scheme with m classes corresponds to the edge- 
coloring D, of K, on GF(q): An edge (x, y) of K, has color i if and only if 
x- yECi, 1 di<m. 
We are now ready to generalize a construction from [9] using a concise 
description given in [lo]. 
CONSTRUCTION 2. Let E = GF(q), where q = mt + 1 is a prime-power 
and m is odd if t is odd. Let Co,..., C, be the cyclotomic classes of E and 
denote by F = C, the multiplicative group of the nonzero m th powers in E. 
Define an edge-coloring 6, of the complete graph K,, as follows: The ver- 
tices of K, are the y1= m(q + 1) cosets (a, b)F= ((af, bf) 1 f~ F}, where a 
and b are elements of E, not both zero. An edge between (a, b)F and 
(c, d) F has color i if and only if ad- bc E C;, 0 6 i < m. 
LEMMA 1. Let Ti be the subgraph qf K,, induced by the edges of color i in 
G,, O<i<m. Then 
(1) r, is a union of q + 1 disjoint complete graphs K, ; 
(2) r, ,..., r, are pairwise isomorphic and have a vertex-transitive 
group of automorphisms; 
(3) The coloring induced in G, by the vertices V,(v) adjacent to an 
arbitrary vertex v E Ti is isomorphic to the cyclotomic coloring D, for any i, 
O<i<m. 
ProoJ Consider the mappings pk: (a, b)F -+ (a, b + ak)F and ok: 
(a, b)F+ (a + bk, b)F, k E E = GF(q). We will show that pk, gk are 
automorphisms of the coloring G,. Since p,Ja, b) F = pli( c, d) F implies 
(a, b)F= (c, d)F, we see that pk is one to one. If the edge [(a, b)F, (c, d)F] 
has color i then [pJa, b)F, pk(c, d)F] has also color i, since 
(ad+ack)- (bc +ack) = ad- bcE Ci. Hence, pk and, by a similar 
argument, ok are bijective and color preserving. Moreover, these 
automorphisms act transitively on the vertex set of G,. For, a coset (a, b)F 
can be mapped onto another coset (c, d)F in two steps by first applying ~~~ 
where k is the unique solution of a + bk = c to obtain a,(a, b)F= (c, b) F, 
followed by p,, where 1 satisfies b + cl = d, to get p[(c, b)F= (c, d)F (if b = 0 
we first apply p and then g). 
To prove (1) we note that (0, l)F is adjacent to (c, d)F in r, if and only 
if c = 0. There are exactly (q - 1 )/t = m such vertices IV,. Any vertex in I+‘, 
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is adjacent to any other vertex in W, and no vertex outside W,. Since G, 
is transitive, r,, is a union of disjoint K,,,‘s. 
To show that the Tj’s are pairwise isomorphic (2), note that o: 
(a, b)F+ (pa, b)F, where p is the primitive element of E occurring above, 
fixes r, and cyclically permutes rl -+ r,, r, + r, ,..., r, --f rl. 
Finally, to establish (3), let V,(v) be the set of all vertices adjacent to 
v E r,. Since G, is vertex transitive we my choose without loss of generality 
v=(O,l)F. Then Vj(v)={(~'~l,O)F~u{(~i~~l,~~)~~O~j,<mt-l). 
Since I V,(v) 1 =mt + 1 = q, and an edge [(pi-‘, x)E; (/?-I, y)F] has color 
k if and only if y - x E C,, where I - 1 = k - i (mod m), the coloring induced 
by V,(v) is isomorphic to D, for any i, 1 < i 6 m. 1 
It is interesting to remark that if XE VO(v), u = (0, 1)P then since 
x=(O,fi’)F and V,(x)=((~‘~‘~‘,0)F}u{(fi’~‘-‘,/?~)F~0~j~mt-1} 
we have / V,(v) u V,(x) I = 0. 
THEOREM 2. Let G$, be any m-coloring of K, obtained from G, by 
arbitrarily recoloring the edges of r,, using the colors 1 to m. If the 
cyclotomic coloring D, contains no monochromatic Kk, k 2 m then Gz con- 
tains no monochromatic Kk + , . 
ProoJ Let v be an arbitrary vertex of K,, and let K, be a 
monochromatic clique incident with v in G,Z$ From the remark after 
Lemma 1 it follows that all the remaining vertices of K, are contained in 
exactly one of the sets V,(v), 0 6 i 6 m. If i = 0 then by (1) of Lemma 1 we 
have r d m d k. If 1 < id m then by (3) the coloring induced by V,(u) is 
isomorphic to D, which by assumption contains no monochromatic Kk. 
Consequently, r < k. m 
When m = 2, one of the colorings G, * is the coloring G(Q,) obtained 
from the Paley graph Q, by Construction 1. 
We close with some examples of applications of Theorem 2 for m 3 3. 
These are based on a computer search for maximum monochromatic com- 
plete subgraphs in the cyclotomic colorings D,(p) of prime order p. 
For m = 3 it was found that D3( 127) D,(241), and D3( 1069) contain no 
monochromatic K4, K,, and K6, respectively. Consequently, r3(4) 3 128, 
r3(5) > 385, r3(6) > 727, and r3(7) 2 3211. We note that r3(3) = 17 and one 
of the two possible extremal colorings is D,(16) [8]. 
For m = 4 the search revealed that D,(457), D,(857), and D,(3209) con- 
tain no monochromatic K4, K,, and K,, respectively. Hence, r,(4) 3 458, 
r4(5)> 1833, rq(6)> 3433, and rq(7)a 12841. It is known that r,(3)351 
c31. 
Finally, for m = 5 it was found that D,(941) contains no monochromatic 
K4. Consequently, r,(4)3942 and r,(5)24711. It is known that 
r5(3) 3 159 [S]. 
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